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We provide general arguments regarding the connection between low-energy theories (gravity
and quantum field theory) and a hypothetical fundamental theory of quantum gravity, under the
assumptions of (i) validity of the holographic bound and (ii) preservation of unitary evolution at
the level of the fundamental theory. In particular, the appeal to the holographic bound imposed on
generic physical systems by the Bekenstein-Hawking entropy implies that both classical geometry
and quantum fields propagating on it should be regarded as phenomena emergent from the dynamics
of the fundamental theory. The reshuffling of the fundamental degrees of freedom during the unitary
evolution then leads to an entanglement between geometry and quantum fields. The consequences
of such scenario are considered in the context of black hole evaporation and the related information-
loss issue: we provide a simplistic toy model in which an average loss of information is obtained as
a consequence of the geometry-field entanglement.
I. INTRODUCTION
In this paper we shall combine two general consider-
ations regarding quantum theories of gravity and study
their implications for black hole evaporation.
The first consideration is that, if the Bekenstein upper
bound on the entropy of any physical system is correct,
there probably exist more fundamental entities than the
ones we deem to be elementary [1–3]. The second consid-
eration is that, at our energy scales, these fundamental
entities must organize themselves as quantum fields act-
ing on classical spacetimes (our best understanding of
the low-energy physics) by “making” both the quantum
fields and the classical geometry.
The consequence of such assumptions is then the fol-
lowing: since the bound is reached only when the black
hole is formed, and it is an upper bound, then and
only then all the degrees of freedom of the fundamen-
tal entities have been excited. Hence one can think of
the black hole state as a gas-like high-energy “phase”,
with few (one in the simplest case) macroscopic param-
eters characterizing all the microscopic states. When
the energy is lowered (that is after the evaporation of
the black hole) these fundamental entities have at their
disposal a large amount of different, nonequivalent re-
arrangements. These are their physically nonequivalent
low-energy “phases”, that can only be described as spe-
cific quantum fields acting on specific geometries. Simi-
lar lessons can be learned from ordinary states of matter,
made of ordinary particles. On the other hand there
is a crucial difference with the usual phases of matter,
namely the fact that we introduce here a democracy be-
tween spacetime and fields/particles which, in this view,
both emerge from one underlying dynamics. We call this
view the “quasiparticle” picture, as we shall explain be-
low.
With this in mind, it is clearly virtually impossible that
after the black hole evaporation we can retrieve the very
same “phase” we had before the black hole was formed.
Hence, the information associated to the quantum fields
in the “phase” before the formation of the black hole is,
in general, only partially recovered in the “phase” after
the black hole has evaporated; the information loss is due
to the entanglement between the fields and the geome-
try. This is how we intend to address the information
paradox.
The structure of the paper is as follows. In Sec. II we
explain more in detail the quasiparticle picture and its
role in the emergence of both quantum fields and classi-
cal geometry. In Sec. III we briefly present the construc-
tion of the Page curve as well as analogous concepts and
antagonist views. In order to demonstrate possible im-
plications of our picture, in Sec. IV we shall construct a
toy model of black hole evaporation that exhibits partial
loss of information and, hence, leads to a modification of
the Page curve.
II. QUASIPARTICLE PICTURE
As widely known, the entropy S of any physical system
contained in a volume V , including the volume itself, is
supposed to be bounded from above by the value of the
Bekenstein-Hawking entropy associated to a black hole
whose event horizon coincides with the boundary of V [4]
S ≤ SBH = 1
4
∂V
`2P
, (1)
where `P =
√
~G/c3 ∼ 1.6 × 10−35 m. The generality
of the original bounds for ordinary matter (i.e., when
gravity is not included) posited by [5] is the subject of
intense investigation and debates [6]. Nonetheless, it is
widely accepted that for black holes the upper bound is
saturated.
By the number of degrees of freedom N of a quantum
physical system we mean the number of bits of informa-
tion necessary to describe the generic state of the system.
In other words, N is the logarithm of N , the dimension
of the Hilbert space of the quantum system. In the ex-
treme case of a black hole N = eSBH . Hence, formula
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2(1) means i) that in nature the information contained in
any volume V cannot exceed 1 bit every 4 Planck areas
of the boundary of V , and ii) that if and only if a black
hole is formed, the degrees of freedom of the hypothetical
fundamental entities are most excited (see, e.g., [7]).
These fundamental entities cannot fully coincide with
the particles customarily thought of as elementary (elec-
trons, neutrinos, photons, etc.) for two reasons: one is
that, if it were so, we would reach the bound with ordi-
nary matter, and this does not happen; the second one
is that gravity must be included in the counting of the
fundamental degrees of freedom because the saturation
only happens when gravity becomes as important as the
other interactions.
Although we do not know the dynamics generating the
fundamental degrees of freedom, such dynamics needs be
such that the emergent behavior at typical wavelengths
much bigger than the Planck length `P is that of con-
tinuum quantum fields acting on a continuum classical
spacetime. That is, at low resolution we have quantum
field theory (QFT) in curved spacetime, hence both (clas-
sical) geometry and (quantum) fields are emergent enti-
ties.
On the one hand, the idea that gravity is an emergent
phenomenon arising from more fundamental degrees of
freedom is not new and goes back to Shakarov [8, 9].
Presently there exist many particular models describing
how gravity could emerge. The common feature of these
models is to consider some kind of underlying discrete
lattice. A striking fact that crystals with deffects can
give rise to effective non-Euclidean geometry has been
employed in the cosmological “world crystal model” [10].
It was proposed in [11] that the classical properties of
the space-time might emerge from the quantum entangle-
ment between the actual fundamental degrees of freedom.
A specific model along these lines has been proposed re-
cently in [12]. An interesting feature of this model is the
possibility to recover the ER=EPR conjecture [13, 14]. In
quantum graphity [15, 16], fundamental degrees of free-
dom and their interactions are represented by a complete
graph with dynamical structure. For more approaches,
see, e.g., [17–23].
On the other hand, emergent, nonequivalent descrip-
tions of the same underlying dynamics are a built-in char-
acteristic of QFT [24], both in its relativistic regime [25]
(hence deemed to be fundamental) and in its nonrela-
tivistic regime [26] (e.g., in condensed matter). Indeed,
it is well recognized by now that the quantum vacuum
can have a rich structure [27] with nonequivalent quan-
tum mechanical sectors or “phases”. This complexity is
understood in QFT as due to the infinite number of de-
grees of freedom and/or to the nontrivial topology of the
system, such as the presence of topological defects [28].
On the mathematical level these features are the man-
ifestation of the failure of the Stone-von Neumann theo-
rem [29, 30] that holds only for quantum mechanical sys-
tems of finite degrees of freedom and trivial topology [31].
This failure leads to the existence of different, unitarily
inequivalent representations of the field algebra. That
is, for a given dynamics one should expect several dif-
ferent Hilbert spaces, representing different “phases” of
the system with distinct physical properties, and distinct
excitations playing the role of the elementary excitations
[32] for the given “phase” [33], but whose general char-
acter is that of the quasiparticles of condensed matter
[34, 35].
In condensed matter examples are many. From the
Cooper pairs of type II superconductors [36, 37] that are
bosonic quasiparticles emerging from the basic fermionic
dynamics of the electrons interacting with the lattice, to
the more recently discovered quasiparticles of graphene
[38] that are massless Dirac quasiparticles emerging
from the dynamics of electrons propagating on car-
bon honeycomb lattices, and giving raise to a contin-
uum relativistic-like (2+1)-dimensional field theory on a
pseudo-Riemannian geometry.
Similarly, as well known, one finds examples also in
the context of black hole physics, the one of interest
here. Indeed, the vacuum of a freely falling observer in
Schwarzschild’s spacetime can be seen, by a static ob-
server, as a coherent state of Cooper-like pairs, similar
to that of a superconductor [39], and the Hawking radia-
tion itself is related to the existence of distinct elementary
excitations in the two frames. See the original derivation
of Hawking [40, 41], and also [42, 43].
Those degrees of freedom, though, are not the funda-
mental ones we are referring to here, because they do
not explicitly include the degrees of freedom of geometry
[44]. Such extra request is suggested by the Bekenstein
bound, but the general mechanism we propose is similar
to the one at work already in ordinary matter.
The bound (1) does not identify the type of funda-
mental degrees of freedom nor their dynamics. Nonethe-
less, we can extract from that bound one important con-
sequence for the process of black hole evaporation. In
the standard scenario assuming unitary evolution, the
information contained in the collapsing matter is scram-
bled inside the black hole, but is eventually fully released
during evaporation. This paradigm of information con-
servation is manifested by the so-called “Page curve”
[45] which describes the complete information retrieval
in the Hawking radiation at the final stage of the black
hole evaporation. In our picture, however, the probabil-
ity that after the complete evaporation the fundamental
degrees of freedom reorganize just like before the col-
lapse leading to black hole, is inversely proportional to
the number of possible nonequivalent rearrangements of
the fundamental degrees of freedom. Therefore, even if
one demands the dynamics of the fundamental degrees of
freedom to be unitary, as we shall do, one expects that
the entanglement between the geometry and the quan-
tum fields due to the reshuffling of fundamental degrees
of freedom could lead to an effective loss of information
in the Hawking radiation.
The loss of information, in the sense of evolution of a
pure state into a mixed state, can have two causes. The
3first one is that the laws of quantum theory are indeed
violated in some regimes. The second one is that only
some subsystem of the universe is accessible, hence there
will always be a residual entanglement of the subsystem
with the inaccessible parts [46]. In our picture we do
not consider the first possibility, rather we suggest that
part of the total system is always hidden: this produces
entanglement between emergent fields and geometry and
leads to an effective loss of information on the field side.
Let us conclude this introduction with a schematic
summary of the logic behind the model we propose.
i) We interpret the upper bound (1) as indication of
the existence of finite number of fundamental degrees
of freedom, fully excited (saturated bound) only for
a black hole. To access these fundamental degrees
of freedom, one would need resolutions of order `P
(which might not be possible at all, as suggested,
e.g., in [47]).
ii) Everything we see at our low-energy scale (low-
resolution) is classical spacetimes and quantum
fields. Both emerge from the properties of and the in-
teractions between fundamental degrees of freedom.
iii) Since the bound is not reached at our energies, the
particles we call elementary are in fact emergent
quasiparticles.
iv) Being discrete entities, the fundamental degrees of
freedom must arrange into discrete structures. Their
nature (symmetries, type of interaction, etc.) is not
specified here, as we shall make model-independent
considerations. In other words, we do not construct
here a specific model of quantum gravity, but try to
convey general considerations.
v) There are, in general, different configurations of the
fundamental degrees of freedom which give rise to the
same classical geometry. These configurations yield
different numbers of degrees of freedom for the fields.
Thus, even if the geometries before the formation of
the black hole and after its evaporation are the same,
the emerging quantum fields will be, in general, dif-
ferent (i.e., live in different Hilbert spaces).
vi) Even though, for simplicity, we assume unitary evo-
lution on the fundamental level, the rearrangement
of the fundamental degrees of freedom during the
evaporation process leads to an entanglement be-
tween the emerging geometry and the emerging
fields, thereby producing a loss of information on the
field side.
III. PAGE CURVE
Our primary motivation is to address the black hole
information paradox, i.e., the problem of the apparent
loss of information during the process of a black hole
evaporation. There are many proposals how to resolve
this paradox. There are arguments that in the presence
of gravity, and especially in the presence of a black hole,
we have to expect some modifications of the quantum
theory and, perhaps, deviations from unitary evolution
at the fundamental level. From this perspective, there
is no paradox in losing information during the formation
of a singularity and the subsequent evaporation of the
back hole [48, 49], because the underlying theory does
not require the information conservation.
On the other hand, it has been advocated by [50] and
[51] that the evolution is always unitary and the in-
formation loss is prohibited. These arguments rely on
the holographic principle, string theory models of black
hole evaporation and the paradigm of the black hole
complementarity. Another confirmation of information
conservation has been provided by [52], who employed
the quantum perturbations of the event horizon and the
AdS/CFT correspondence in order to argue that infor-
mation can, in fact, escape from the black hole.
There have been also arguments that it is impossible
to reconcile the unitary evolution, the principle of equiv-
alence and the low energy effective quantum field theory.
These arguments have been embodied in the controver-
sial “firewall paradox” introduced in [53]. Very recently,
it was proposed in [54] how to avoid the firewall paradox
by appropriate identification of the antipodal points of
the event horizon.
A more conservative approach to the problem has been
adopted by Page and it is based on purely quantum me-
chanical considerations. Following [55], one considers the
splitting of a Hilbert space H into a bipartite system,
H = HmA ⊗ HnB , where superscripts m and n indicate
the dimension of corresponding Hilbert space, so that
dimH = mn. Next, one chooses an arbitrary fixed state
|ψ0〉 ∈ H and a random unitary matrix U ; then U |ψ0〉
is a random state in H. To such state we associate the
density matrix ρA(U), by tracing out the subsystem B,
and the corresponding entanglement entropy Sm,n(U).
Averaging through U we get the average entanglement
entropy of the subsystem A,
Sm,n = 〈Sm,n(U)〉average through U , (2)
and the average information contained in A,
Im,n = lnm− Sm,n. (3)
For mathematical details of this construction see the orig-
inal paper [55], and also [56]. Page conjectured – and it
was later proved in [57] – that the average information is
Im,n = lnm+
m− 1
2n
−
mn∑
k=n+1
1
k
, for m < n. (4)
These results are applied to the black hole evaporation
problem in [45]. It is assumed that the evolution of the
collapsing matter to produce a black hole and the subse-
quent evaporation of that black hole is a unitary process,
40 lnmmax
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FIG. 1. Page’s curve. The entanglement entropy between the
subsystems and the information contained in the Hawking ra-
diation are plotted against the dimension of the Hilbert space
representing the emitted radiation. (Adapted from [45].)
and hence there exists a S-matrix relating the initial col-
lapsing matter to the final state when black hole is fully
evaporated and only the Hawking radiation remains. The
Hilbert space of the Hawking radiation is factorized into
a product as before, where the subsystem A now corre-
sponds to the states under the horizon and the subsystem
B corresponds to photons already emitted from the black
hole.
When the black hole is formed, there is no Hawking ra-
diation outside and, hence, n = 1 and m = dimH. Thus,
by assumption, the entanglement entropy is trivially zero.
As the black hole evaporates, dimension n increases and
m decreases, while mn is kept constant. Since the emit-
ted photons are entangled with the particles under the
horizon, entanglement entropy increases. At some stage
of the evaporation (approximately half time of evapora-
tion process) the information stored below the horizon
starts to leak from the black hole, decreasing the en-
tanglement entropy. Finally, when the black hole fully
evaporates, m = 1 and n = dimH and the entanglement
entropy returns to zero. The process is shown in Fig. 1.
A natural generalization of the Page analysis is to con-
sider tripartite system instead of a bipartite one. In [58]
the authors investigate the possibility that the particles
emitted by a black hole are transformed either into the
Hawking radiation or into another form of matter, which
can be, e.g., a remnant. In this case, even when the black
hole is fully evaporated, there can still exist entanglement
between these two forms of matter. Hence, the Hawking
radiation does not contain the full information and it is
not in a pure state (at least on average).
In the aforementioned works, no analysis of the in-
teraction between the matter fields and the space-time
geometry has been given, nor even addressed. However,
in order to consider the full black hole evaporation pro-
cess, one certainly cannot treat matter as the test field
on a given, say Schwarzschild, background. It is the sys-
tem gravity+matter which evolves unitarily, not just the
matter field. Therefore, we propose the possibility that
at the end of the evaporation the Hawking radiation is
not in a pure state because of its entanglement with the
geometry itself and it is a purpose of this paper to clarify
this statement.
Thus, in a sense, we proceed analogously to Page, and
it is important to stress the points where we differ. First,
we interpret both gravity and fields as emergent phenom-
ena. Thus, similarly to Page, we consider what we call
fundamental Hilbert space H, but we do not split it into
a direct product of the two spaces, because we claim that
on the fundamental level there is no distinction between
the field and the geometry at all. Instead, we introduce
effective Hilbert spaces representing the states of the ge-
ometry and of the fields, and mappings which extract the
geometrical/matter content from the states of H. Second,
as a consequence, for the effective loss of the information
we do not require the presence of a third, unknown kind
of matter like in [58], because it is the entanglement of the
field with the geometry which implies this effective loss.
Nonetheless, our description allows an arbitrary number
of different fields, hence includes the possibility for such
unknown kind of matter.
On the other hand, our approach is similar to that of
Page in that we do not specify any particular microscopic
dynamics. We merely provide a kinematical framework
which allows us to estimate the entanglement entropy.
IV. MODEL OF BLACK HOLE EVAPORATION
Our goal in this section is to construct a simple kine-
matical model which mimics the evaporation of the black
hole, keeping in mind the illustrated conceptual frame-
work for which both geometry and quantum fields are
emergent phenomena. We consider the following ideal-
ized scenario:
1. Initially, there is a quantum field (in an almost flat
space) which collapses and eventually forms a black
hole of mass M0.
2. The black hole starts to evaporate in a discrete way;
for simplicity we assume that each emitted quan-
tum of the field has the same energy ε, so that
M0 = NG ε for some integer NG.
3. At the end of the evaporation, the space becomes
almost flat again and the field is in excited state
with NG quanta.
We assume:
1. There exists a fundamental Hilbert space H. That
is the Hilbert space of the fundamental degrees of
freedom of the total system, i.e., black hole, radi-
ation and space outside the black hole. Since here
we focus on a finite region accessible to a generic
observer and big enough to contain the black hole
5at initial time and the emitted radiation at a later
time, H here is finite-dimensional;
2. For a specific observer at low-energy scale, the
states of H appear as classical spatial geometry and
quantum fields propagating on it.
3. There are states in H which represent the same clas-
sical geometry but are microscopically different.
4. In general, there is exchange of the number of de-
grees of freedom between the fields and geometry.
In this model, we introduce a space of classical geome-
tries representing spatial slices of space-time containing
a black hole of a given mass M (a) = a ε. That is, we
introduce an orthonormal set of the states
|g(a)〉, a = 0, 1, . . . NG − 1, (5)
where NG is therefore the number of geometries allowed
in our model. For convenience, we introduce the Hilbert
space of classical geometries HG as the linear span of the
states (5) and define the “mass operator” M by
M|g(a)〉 = M (a)|g(a)〉 ≡ ε a |g(a)〉. (6)
An operator of this kind should represent the possibility
of measuring geometric properties of the space, such as
the three-dimensional metric, as seen by a specific ob-
server. The assumption that the geometry of the space
is a result of some coarse-graining procedure associated
with a specific observer means there is some mapping
PG : H 7→ HG which assigns to a microscopic state in H
corresponding classical geometry or an appropriate su-
perposition of such geometries.
Similarly, we shall assume the existence of some map-
ping PF : H 7→ HF which extracts the “field content” of a
state in H. Then, HF can be, e.g., an appropriate Hilbert
(Fock) space representing the states of the fields; con-
crete definitions will depend on the particular theory of
quantum gravity. Schematically, the states of the funda-
mental Hilbert space H can be interpreted as states with
some classical geometry via the mapping PG, and with
some state of the quantum field via the mapping PF:
|ψ〉 ∈ H
PG PF
|g(a)〉 ∈ HG |φ〉 ∈ HF
After introducing these mappings, one can label the
states in H by the values of the coarse-grained quanti-
ties, i.e., |ψ〉 = |g(a), φ〉.
For simplicity we assume that any state of H can be in-
terpreted in such a way, although in reality this is much
more complicated: classical geometries are expected to
be very special superpositions of basis states with no
classical analogues. Since we are not building a spe-
cific model of quantum gravity, we ignore this compli-
cation. On the other hand, one can argue that among
the states corresponding to definite classical geometries
one can choose a subset of (sufficiently distinct) states
which are approximately orthogonal and consider only
a subspace of H generated by this (approximately) or-
thonormal set.
In Page’s picture described in the Sec. III he considers
splitting of the Hilbert space representing the states of
the field into “inside” and “outside” part with respect to
the horizon of the black hole. In our model we wish to im-
plement the idea that the geometry and its fundamental
degrees of freedom must be brought into the picture, so
that one should split the fundamental space H into a di-
rect product of “geometrical” and “field” part. However,
for our argument it is essential to entertain the possi-
bility that the distribution of the microscopic degrees of
freedom between the geometry and the fields is not fixed
and can change during the evolution of the system.
The following simple model will serve just as a useful
visualization and to provide a terminology convenient for
the subsequent construction. However, the construction
itself does not rely on such visualization. Let there be
a certain number N of fundamental degrees of freedom
in the sense explained in the Introduction. The states of
each fundamental degree of freedom form a d-dimensional
Hilbert space, so that the Hilbert space of all fundamen-
tal degrees of freedom has dimension dN . Now, the states
of the fundamental degrees of freedom give rise to the no-
tions of spatial geometry (distance, topology, dimension)
and of quantum fields. We think of the set of all funda-
mental degrees of freedom as distributed among the ver-
tices of a graph and their links. More specifically, suppose
that the fact that there is some geometrical relation (e.g.,
the distance) between two vertices can be represented as
a link between corresponding vertices of the graph and a
quantitative measure of such relation is represented by a
weight (or a set of weights) of the link. Thus, one could
interpret the geometry as encoded in the states of all links
in the graph. However, in order to keep the total degrees
of freedom constant, the vertices have to “offer” some of
their degrees of freedom to form the Hilbert space HG
corresponding to the states of the links which are inter-
preted as the state of the geometry. Then, the remaining
fundamental degrees of freedom can be represented as
excitation states of the vertices of the graph and they
form a Hilbert space HF whose elements are interpreted
as the states of the emergent field. So, the state of the
entire graph is an element of the Hilbert space HG ⊗ HF
of dimension dN . The point is that it is the topology of
the graph (by which we mean simply a specific distribu-
tion of the links, ignoring their weights and the states of
the vertices) which dictates how the available fundamen-
tal degrees of freedom are distributed between the fields
and the geometry. During a standard, “nonviolent” evo-
lution, we might expect that the topology of the lattice
does not change, but as the black hole and singularity
form, significant changes of the topology happen, imply-
ing both topological and causal changes in the emergent
spatial geometry and possible deviations from standard
6QFT on curved space-time in the following sense: the
change of the topology of the lattice means reshuffling of
the fundamental degrees of freedom between the geome-
try and the fields, so that the structure of the new graph
is HG
′ ⊗ HF′; the fields now live in a Hilbert space HF′
of different dimension than HF. In this case we have to
expect the deviations from the unitary evolution on the
effective field side, although the underlying evolution of
microscopic degrees of freedom is purely unitary.
We do not stick to this oversimplified picture in which
the weights of the links are related directly to the met-
ric and the states of the vertices are related directly to
the states of the fields. We shall, however, stick to the
idea that there are several ways how the fundamental
degrees of freedom are reshuffled between the fields and
the geometry and, in addition, there might exist different
microscopic configurations which, on the effective level,
give rise to the same coarse-grained geometry. On the
effective level it is impossible to distinguish between two
such microscopic configurations but, microscopically, the
two configurations differ by the number of degrees of free-
dom available for the fields. That is, the fields in the two
cases are elements of different Hilbert spaces and, hence,
the resulting field cannot be in a pure state.
A. Toy model
Hence, starting from the fundamental Hilbert space
H, we assume it can be split into a direct sum of the
subspaces T(i),
H =
NT⊕
i=1
T(i), dimH = NT N, (7)
where each T(i) has a fixed dimension N and consists
of states with some specific distribution of the degrees
of freedom between the geometry and the fields; in the
language of the simplistic “graph model”, T(i) is a set of
states for one specific choice of the topology of the graph
and hence we shall refer to T(i) as the set of the states
with specific topology; NT is then the number of different
topologies. By assumption, each T(i) has a structure
T(i) = H
pi
G ⊗ HqiF , pi qi = N, (8)
where HpG (H
q
F) is a Hilbert space of dimension p (q)
representing possible microscopic states of the geometry
(fields).
A general state |ψ〉 ∈ H admits the expansion adapted
to the splitting of H which is in the form
|ψ〉 =
NT⊕
i=1
pi∑
I=1
qi−1∑
n=0
c
(i)
In|Ii〉 ⊗ |ni〉, (9)
where vectors |Ii〉 and |ni〉 form a basis of spaces HpiG and
HqiF , respectively.
Let us denote by P(i) : H 7→ T(i) a projector onto
the subspace T(i). Then, the squared norm of the state
P(i)|ψ〉 is the probability p(i) of finding the system in the
state with the topology T(i),
p(i) = ‖P(i)|ψ〉‖2. (10)
In general, state in T(i) is a state with the entanglement
between the geometry and the field in the sense that its
decomposition reads
P(i)|ψ〉 =
∑
I,n
c
(i)
In|Ii〉 ⊗ |ni〉. (11)
Associated density matrix representing the state of the
field is
ρ(i) = TrHpiG
|ψ〉i〈ψ|i, (12)
where we first define the normalized state
|ψ〉i = p−1/2(i) P(i)|ψ〉 (13)
and then trace over the degrees of freedom of the gravi-
tational field. Corresponding entanglement entropy will
be denoted by
S(i) = −TrHqiF ρ(i) ln ρ(i); (14)
S(i) is the entanglement entropy between the geometry
and the fields for a given topology of the lattice. Since
for the observer it is impossible to distinguish between
different topologies of the lattice, expected value of the
entanglement between the fields and the geometrical de-
grees of freedom will be
〈S〉 =
∑
i
p(i)S(i). (15)
In our toy model we shall assume that only two topolo-
gies are possible, i.e., NT = 2, and that both topologies
admit the same family of classical geometries (5), i.e., we
assume
PG(T(1)) = PG(T(2)) = HG. (16)
Let us fix the number of degrees of freedom for each type
of the lattice to N = 1500 and let us set
T(1) = H
30
G ⊗ H50F , p1 × q1 = 30× 50,
T(2) = H
60
G ⊗ H25F , p2 × q2 = 60× 25; (17)
then we have dimH = 3000. Finally, assume that the
maximal mass M0 of the black hole is split into NG = 30
quanta. That is, for a black hole of mass M (a) = a ε
there is exactly one state in H30G such that the mapping
PG maps it to a state |g(a)〉, while in H60G there are two
such states. Hence, the subspaces T(i) are generated by
the following bases:
T(1) = span {|(a)〉 ⊗ |n〉} ,
T(2) = span {|(a), 1〉 ⊗ |n〉, |(a), 2〉 ⊗ |n〉} , (18)
7where
PG : |(a)〉 ⊗ |n〉 ∈ H(30)G ⊗ H(50)F 7→|g(a)〉 ∈ HG,
: |(a), 1〉 ⊗ |n〉 ∈ H(60)G ⊗ H(25)F 7→|g(a)〉 ∈ HG,
: |(a), 2〉 ⊗ |n〉 ∈ H(60)G ⊗ H(25)F 7→|g(a)〉 ∈ HG. (19)
We shall interpret elements |n〉 ∈ HqF as the states of the
quantum field with n particles.
A general state in H can be now written in the form
|ψ〉 =
NG−1∑
a=0
q1−1∑
n=0
αan|(a)〉 ⊗ |n〉+
+
NG−1∑
a=0
q2−1∑
n=0
(βan|(a), 1〉 ⊗ |n〉+ γan|(a), 2〉 ⊗ |n〉) ,
(20)
and the expected value of the mass of the black hole is
〈M〉 =
NG−1∑
a=0
q1−1∑
n=0
M (a)|αan|2+
+
NG−1∑
a=0
q2−1∑
n=0
M (a)(|βan|2 + |γan|2), (21)
and similarly for the expected number of particles 〈n〉.
The probabilities for finding the lattice in the state with
the topology T(1) and T(2), respectively, are
p(1) =
NG−1∑
a=0
q1−1∑
n=0
|αan|2, (22)
p(2) =
NG−1∑
a=0
q2−1∑
n=0
(|βan|2 + |γan|2) . (23)
During the evolution (first formation of the black hole,
then evaporation) the system evolves continuously and
unitarily in H. We start the analysis at the point when
the black hole just formed and the field outside the black
hole is in the ground state, i.e., in the state with zero
particles. Then the evaporation starts which we mimic
by prescribing the expected values of mass 〈M〉 and the
expected value of number of particles 〈n〉. Since we do
not know the underlying microscopic dynamics, we shall
consider, similarly to Page, all states which are compat-
ible with these expectation values.
Let us find a convenient parametrization of such states.
First, since the general state (20) must be normalized,
NG−1∑
a=0
q1−1∑
n=0
|αan|2 +
NG−1∑
a=0
q2−1∑
n=0
(|βan|2 + |γan|2) = 1 (24)
we can set
p(1) =
q1−1∑
n=0
|αan|2 = cos2 θ,
p(2) =
q2−1∑
n=0
(|βan|2 + |γan|2) = sin2 θ, (25)
where θ ∈ (0, pi/2) without the loss of generality. Let us
parametrize the coefficients by
|αan| = µan cos θ,
|βan| = νan sin θ cosφ,
|γan| = λan sin θ sinφ,
(26)
where φ ∈ (0, pi/2). This is analogous to introducing the
Hopf coordinates on the sphere Sn. This parametrization
implies
NG−1∑
a=0
q1−1∑
n=0
µ2an =
NG−1∑
a=0
q2−1∑
n=0
ν2n =
NG−1∑
a=0
q2−1∑
n=0
λ2n = 1. (27)
We also define
µM =
NG−1∑
a=0
q1−1∑
n=0
M (a) µ2an, µN =
NG−1∑
a=0
q1−1∑
n=0
nµ2an (28)
and similarly for νM , νN and λM , λN . In this notation,
the expected value of the mass of the black hole and the
expected number of particles are given by
〈M〉 = µM cos2 θ + sin2 θ(νM cos2 φ+ λM sin2 φ),
〈n〉 = µN cos2 θ + sin2 θ(νN cos2 φ+ λN sin2 φ).
(29)
A generic state (20) now acquires the form
|ψ〉 = cos θ
NG−1∑
a=0
q1−1∑
n=0
µane
iχαan |(a)〉 ⊗ |n〉+
+ sin θ
NG−1∑
a=0
q2−1∑
n=0
(
νane
iχβan cosφ|(a), 1〉 ⊗ |n〉+
+λane
iχγan sinφ|(a), 2〉 ⊗ |n〉
)
. (30)
The normalized projections of |ψ〉 onto T(1) and T(2) cor-
respond to the first and the second sum in (30), respec-
tively, with factors sin θ and cos θ omitted:
|ψ〉1 =
NG−1∑
a=0
q1−1∑
n=0
µan e
iχαan |(a)〉 ⊗ |n〉, (31a)
|ψ〉2 = cosφ
NG−1∑
a=0
q2−1∑
n=0
νan e
iχβan |(a), 1〉 ⊗ |n〉+
+ sinφ
NG−1∑
a=0
q2−1∑
n=0
λan e
iχγan |(a), 2〉 ⊗ |n〉. (31b)
Corresponding density matrices are
ρ(i) =
qi−1∑
m,n=0
c(i)nm |n〉〈m|, i = 1, 2, (32)
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c(1)mn =
NG−1∑
a=0
µan µam e
iχαan−iχαam ,
c(2)mn =
NG−1∑
a=0
(
νan νam e
iχβan−iχβam + λan λam eiχ
γ
an−iχγam
)
.
(33)
With each density matrix ρ(i) there is associated entan-
glement entropy S(i) given by (14), so that the average
value of the entanglement entropy is (15)
〈S〉 = S(1) cos2 θ + S(2) sin2 θ. (34)
For the purposes of this paper, the corresponding entan-
glement entropy will be calculated numerically.
B. Entanglement entropy calculation
We wish to estimate the expected entanglement en-
tropy for a random state which has specific expected
value of number of particles 〈n〉. In order to do that,
we would need to solve the constraints (29) for given val-
ues 〈M〉 and 〈n〉 with respect to the parameters θ, φ,
µM , µN , νM , νN and λM , λN . For the purposes of this
paper we chose the following way of estimating the en-
tanglement entropy.
Conditions (29) can be rewritten in the form
x2 =
µM
〈M〉 cos
2 θ, x′2 =
µN
〈n〉 cos
2 θ,
y2 =
νM
〈M〉 sin
2 θ cos2 φ, y′2 =
νN
〈n〉 sin
2 θ cos2 φ, (35)
z2 =
λM
〈M〉 sin
2 θ sin2 φ, z′2 =
λN
〈n〉 sin
2 θ sin2 φ,
where (x, y, z) and (x′, y′, z′) are points on the unit 2-
sphere. Hence, we generate two random unit 3-vectors
and choose cos2 θ and cos2 φ randomly with the uniform
distribution on the interval (0, 1) and check, whether con-
ditions
〈M〉x2
cos2 θ
≤ NG − 1, 〈n〉x
′2
cos2 θ
≤ q1 − 1, (36)
〈M〉 y2
sin2 θ cos2 φ
≤ NG − 1, 〈n〉 y
′2
sin2 θ cos2 φ
≤ q2 − 1, (37)
〈M〉 z2
sin2 θ sin2 φ
≤ NG − 1, 〈n〉 z
′2
sin2 θ sin2 φ
≤ q2 − 1, (38)
are satisfied, where, we recall, NG is the number of al-
lowed geometries and q1 = dimH
q1
F = 30, q2 = dimH
q2
F =
60 are the dimensions of Hilbert spaces for the fields cor-
responding to the two topologies of the lattice. If the con-
ditions do not hold, we iterate the procedure until we find
such combination of θ, φ, (x, y, z) and (x′, y′, z′). This en-
sures that sequences µan, νan and λan with the desired
averages µM , µN , νM , νN , λM and λN exist. Then we
generate such sequences. Finally, we choose the phases
χαan, χ
β
an and χ
γ
an randomly with uniform distribution on
the interval (0, 2pi). In this way we generate a random
state yielding the prescribed expectation values 〈M〉 and
〈n〉; the entropy is then calculated by means of Eqs. (14)
and (33). Then we calculate the average value of entan-
glement entropy from 5000 runs of this procedure.
Now we consider the scenario of evaporation of the
black hole. At the beginning, let the black hole have
its maximal mass M0 = (NG − 1)ε, where we choose
NG = 30 and let there be vacuum outside the black hole.
That does not necessarily mean that the Hilbert space
for the field outside the black hole has dimension 1 (as it
is in Page’s case); indeed, in our model we have chosen
the dimension to be either 50 or 25, depending on the
topology of the lattice. However, since there is only one
vacuum state |0〉 ∈ H50F and only one vacuum state |0〉 ∈
H25F , in both topologies, the field is disentangled from the
geometry. This can be also seen from Eq. (29) which
shows that for 〈n〉 = 0 we have
µN = νN = λN = 0 (39)
which, by (28), implies
µan = 0 for n > 0, (40)
and similarly for νan and λan. Requirement µM = M0
then implies that the only nonzero µan is
µ(NG−1),0 = 1. (41)
Then both states |ψ〉1 and |ψ〉2 in (31) are unentangled
and we have 〈S〉 = 0. Hence, our starting point coincides
with the starting point of Page: expected entanglement
vanishes at the beginning of the evaporation.
Now we assume that black hole starts to evaporate. We
assume continuous unitary evolution of the state in H but
take the “snapshots” of the system when the expected
values are
〈M〉 = (NG − 1− k) ε, 〈n〉 = k, (42)
where k acquires discrete values
k = 0, 1, . . . NG − 1; (43)
k = 0 corresponds to black hole of maximal mass M0 =
M (NG−1) = (NG − 1)ε and vacuum outside the black
hole; in k-th step, black hole already emitted k quanta
of the field, so its mass decreased by the value k ε, while
the field is in the state with k quanta outside; black hole
is fully evaporated for k = NG − 1 and the field is in the
state with NG − 1 particles.
Notice that at the end of the evaporation, the state
|ψ〉1 is disentangled again, but the state |ψ〉2 remains en-
tangled. Hence, the expected value of the entanglement
entropy decreases but remains nonzero.
In Fig. 2 we show the entanglement entropy as the
function of the discrete parameter k. Although this graph
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FIG. 2. Entanglement entropy as a function of the decreas-
ing mass of the black hole during the process of evaporation.
Values of the parameters are given in the main text.
starts at the point (M0, 0) which corresponds to the same
origin of the Page curve in Fig. 1, at the final stage of
the evaporation the entanglement entropy does not go
to zero; at this point we differ from the prediction of
the Page curve. It is clear that allowing for more mi-
croscopic realizations of the same effective geometry, i.e.,
more topologies, would in general increase the final devi-
ation of 〈S〉 from the pure state value.
V. CONCLUSIONS
The fact that the number of degrees of freedom that
determine the state of a system in a compact volume V
is bounded from above by the Bekenstein-Hawking en-
tropy of a black hole with horizon area ∂V , leads us to
entertain the possibility that such fundamental degrees
of freedom should describe the state of both fields and
geometry contained in said volume. The immediate con-
sequence of such statement is that fields and geometry
should be regarded as emergent phenomena at ordinary
energy scales. In this picture the particles of the Stan-
dard Model are regarded as analogous to quasiparticles,
arising together with the classical background geometry
from the interactions between the fundamental degrees
of freedom. We have not provided here a framework for
such dynamical emergence (see [12–15, 17–23] for some
examples along these lines); however we assume that the
unitary evolution – which is a central requirement of the
emergent quantum theory – is preserved down to the fun-
damental level. The unitary evolution inevitably leads to
a reshuffling of the fundamental degrees of freedom and
this is reflected on the emergent level as an entangle-
ment between quantum fields and geometry. In order
to investigate the consequences of such scenario, we pro-
vided here a kinematical framework that allows us to
address the longstanding information-loss paradox in the
context of black hole evaporation. Through a simple toy
model of evaporation it is shown how the entanglement
between fields and geometry can lead, after the evapora-
tion is completed, to an average loss of the initial info-
mation. We claim that such modification of the original
Page curve should be regarded as a common feature of
any theory of quantum gravity in which both the space-
time geometry and the quantum fields propagating on it
are emergent features of an underlying fundamental and
unitary theory.
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